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The first part of this paper represents a continuation of the study of approximations in a
hypergroup. We analyse the lower and upper approximations of a subset in a hypergroup,
with respect to some operators, particularly the completeness operator. In the last part,
we introduce and analyse the lower and upper approximation of a subset in a fuzzy
hypergroup.
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1. Introduction
Rough set theory, introduced by Pawlak (see [1]), is a mathematical tool for dealing with vagueness or uncertainty.
Some basic aspects of the rough set research and several applications, especially in data analysis, artificial intelligence and
cognitive sciences were presented by Pawlak and Skowron [2–4].
On the other hand, algebraic hyperstructures, particularly hypergroups,were introduced byMarty [5] in 1934. Since then,
algebraic hyperstructures have been intensively studied, both from the theoretical point of view and especially for their
applications in other fields such as Euclidean and non-Euclidean geometries, graphs and hypergraphs, fuzzy sets, automata,
cryptography, artificial intelligence, codes, probabilities, lattices and so on (see [6]).
There are some books on the general theory of algebraic hyperstructures: one by Corsini [7] on the basic theory
of hypergroups, another by Vougiouklis [8], mostly on representations of hypergroups and on Hv-structures, that are
hyperstructures satisfying conditions weaker than the classic ones.
Several types of fuzzy hyperstructures were defined and analysed. One type can be described in the following manner
[9–15]: given a crisp hypergroup (G,+) and a fuzzy setµ, we say thatµ is a fuzzy (sub)hypergroup of (G,+) if every cut of
µ, sayµt is a (crisp) subhypergroup of (G,+). Another type of fuzzy hypergroups were introduced in [16] and we use them
in our study. Approximations in hyperstructures have been analysed by several authors; see [11,17–20]. In this paper, we
present a general framework for the study of approximations in hypergroups, by using completeness. We analyse the lower
and upper approximations of a subset, with respect to some operators, denoted by Kn and with respect to the completeness
operator K . In Section 4, we analyse rough sets in the context of fuzzy hypergroups, defined in [16]. More exactly, we study
the lower and upper approximations of a subset or of a closed fuzzy subhypergroup of a fuzzy hypergroup. In order to do
this, we introduce the notion of an invertible fuzzy subhypergroup in Section 2.
The results of this paper can be extended, for instance to the study of the roughness in fuzzy n-ary hyperstructures, using
the results of [18,21,22].
This paper is structured as follows. After introduction, in Section 2we recall somebasic notions and results in hypergroups
and the extension of these notions to fuzzy hypergroup context, in Section 3 we propose the study of the lower and upper
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approximations of a subset, with respect to the operators Kn and to the completeness operator K and in Section 4 we
introduce and analyse the lower and upper approximations in fuzzy hypergroups. At last, a conclusion is presented.
2. Hypergroups and fuzzy hypergroups
We present some basic notions in hypergroup theory, extended then to fuzzy hypergroup context.
LetH be a nonempty set and P∗(H) be the family of all nonempty subsets ofH . A hyperoperation or join operation is a map
‘‘ ◦ ’’ : H × H −→ P∗(H).
The join operation is extended to subsets of H in a natural way, so that A ◦ B is given by A ◦ B = {a ◦ b|a ∈ A, b ∈ B}.
The notations a ◦ A and A ◦ a are used for {a} ◦ A and A ◦ {a} respectively. Generally, the singleton {a} is identified by its
element a.
A nonempty set H , endowed with a hyperoperation ◦ is called a hypergroupoid and it is denoted by (H, ◦). If x ◦ (y ◦ z) =
(x ◦ y) ◦ z,∀x, y, z ∈ H , then (H, ◦) is called a semihypergroup. A hypergroupoid (H, ◦) is called a quasihypergroup, if
x ◦ H = H = H ◦ x, for all x ∈ H . A hypergroup is a semihypergroup which is also a quasihypergroup.
Let (H, ◦) be a hypergroup and A ⊆ H, A ≠ ∅. We say that (A, ◦) is a subhypergroup of (H, ◦) if for any a ∈ A, we have
A ◦ a = a ◦ A = A.
A subhypergroup (A, ◦) of (H, ◦) is
(i) closed if for all a, b of A and x, y of H such that a ∈ b ◦ x and a ∈ y ◦ b, it follows that x, y belong to A;
(ii) left invertible if for all x, y of H such that x ∈ A ◦ y, it follows that y ∈ A ◦ x.We say that A is invertible if it is left and right
invertible;
(iii) normal if for all x ∈ H, x ◦ A = A ◦ x.
In [7] it is shown that any invertible subhypergroup is closed.
Example 1 ([6]). Let (L,∨,∧) be a modular lattice and A an ideal of it. For all a, b ∈ L, set
a ◦ b = {x ∈ L | x ∨ a = x ∨ b = a ∨ b}.
Then (L, ◦) is a commutative hypergroup and (A, ◦) is an invertible subhypergroup of it.
A nonempty subset A of H is called a complete part of H if for any n ∈ N∗ and any x1, x2, . . . , xn of H such that
A ∩∏ni=1 xi ≠ ∅, it follows that∏ni=1 xi ⊂ A.
Complete parts were introduced by M. Koskas and analysed then by P. Corsini and Y. Sureau, especially in the context of
hypergroups. M. de Salvo studied them from combinatorial point of view, while R. Migliorato considered a generalization
of them.
Let β be the following equivalence relation on a hypergroup (H, ·), called the fundamental equivalence relation on H:
xβy ⇔ ∃n ∈ N∗, a1, a2, . . . , an of H such that {x, y} ⊂
n∏
i=1
ai.
Notice that the relation β is not always transitive if H is only a semihypergroup, instead of a hypergroup. If (H, ·) is a
hypergroup, then we obtain a group structure on H/β , with respect to the following operation:
∀a, b ∈ H, ∀c ∈ a · b, β(a) ◦ β(b) = β(c).
If ϕH : H −→ H/β is the canonical projection, that is for any x ∈ H , we have ϕH(x) = β(x) and if we denote by 1 the
identity of the group (H/β, ◦), then the set ωH = {x ∈ H | ϕH(x) = 1} is called the heart of the hypergroup (H, ·). If A is a
nonempty subset ofH , then the complete closureC(A) of A is the intersection of all complete parts ofH , which contain A. The
complete closure of any nonempty subset of the heart ωH of a hypergroup H is just ωH . Now we present some basic results
concerning complete parts; see [7,6].
Theorem 2.1. The following assertions hold:
• C(A) = A · ωH = ωH · A =a∈A C(a).• If A and B are nonempty subsets of a hypergroup H and A is a complete part of it, then A · B and B · A are complete parts, too.
If A is a nonempty subset of H , then we denote K1(A) = A,
Kn+1(A) =

x ∈ H | ∃p ∈ N∗, ∃(h1, h2, . . . , hp) ∈ Hp : x ∈
p∏
i=1
hi,
p∏
i=1
hi ∩ Kn(A) ≠ ∅

.
Let K(A) =n≥1 Kn(A). Notice that Kn(A) ⊆ Kn+1(A).
Theorem 2.2. The following assertions hold:
• C(A) = K(A).
• x ∈ Kn(y) if and only if y ∈ Kn(x).• For all n ≥ 2 and for all x ∈ H, Kn(K2(x)) = Kn+1(x).
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In Section 3, for all n ∈ N∗, we consider approximations of a subset of a hypergroup, with respect to the operator Kn,
which associates the subset Kn(x)with each element x of H . Finally, we analyse approximations of a subset of a hypergroup,
with respect to the completeness operator K , which associates the complete part K(x)with each element x of H.
Now, we recall the fuzzy hypergroup notion, that we shall use in Section 4 (see [16]). Denote the set of all nonzero fuzzy
subsets of H by F∗(H).
A fuzzy hyperoperation onH is a mapH×H → F∗(H), which associates a nonzero fuzzy subset a ·bwith any couple (a, b)
of elements of H × H . The couple (H, ·) is called a fuzzy hypergroupoid. We say that (H, ·) is commutative if for all a, b ∈ H
we have a · b = b · a.
For all µ ∈ F∗(H) and all a ∈ H , a · µ and µ · a are fuzzy subsets of H , defined as follows:
∀r ∈ H, (a · µ)(r) =

t∈H
((a · t)(r) ∧ µ(t)), (µ · a)(r) =

t∈H
(µ(t) ∧ (t · a)(r)). (1)
If A is a nonempty subset of H , x ∈ H , then for all t ∈ H, (x ·A)(t) =a∈A(x · a)(t) and (A · x)(t) =a∈A(a · x)(t). If A is a
nonempty subset ofH , then we denote the characteristic function of A by χA. If A = H , then for all t ∈ H we have χH(t) = 1.
A fuzzy hypergroupoid (H, ·) is called a fuzzy semihypergroup if for all a, b, c ∈ H we have a · (b · c) = (a · b) · c. A fuzzy
hypergroup (H, ·) is a fuzzy semihypergroup, such that for all x ∈ H , x · H = H · x = χH .
Let us present some examples.
Example 2 ([23]). If we consider the set N∗ of all nonzero natural numbers and for all a, b ∈ N∗ we define the fuzzy subset
a · b : N∗ → [0, 1] by (a · b)(t) = min{1/a, 1/b, 1/t}, then (N∗, ·) is a fuzzy semihypergroup.
Example 3. Let (H, ·) be a semihypergroup and a be a fixed element of [0, 1]. For all x, y ∈ H and a ∈ [0, 1], set
µax,y : H → [0, 1], as follows µax,y(z) = a for z ∈ x · y, otherwise µax,y(z) = 0.
For all x, y ∈ H , we define x ◦ y = µax,y.
Then for all x, y, z of H
((x ◦ y) ◦ z)(r) = (µax,y ◦ z)(r) =

u∈H
((u ◦ z)(r) ∧ µax,y(u)) =

u∈H
(µau,z(r) ∧ µax,y(u)) = a
if and only if r ∈ (x · y) · z, otherwise ((x ◦ y) ◦ z)(r) = 0.
Similarly, we obtain (x ◦ (y ◦ z))(r) = a if and only if r ∈ x · (y · z), otherwise (x ◦ (y ◦ z))(r) = 0.
Hence, (H, ◦) is a fuzzy semihypergroup.
Example 4. Let (H, ·) be a fuzzy semihypergroup. Let x0 be an external element of H and denote H0 = H ∪ {x0}.
For all x ∈ H0 define x0◦x = x◦x0 = χH0 . Moreover, for all a, b ∈ H set (a◦b)(x0) = 1. If x ∈ H , then (a◦b)(x) = (a·b)(x).
We check that (H0, ◦) is a fuzzy hypergroup. First, notice that for all x ∈ H0,H0 ◦ x = x ◦ H0 = χH0 .
On the other hand, for all y, z ∈ H0 we have (x0 ◦ y) ◦ z = y ◦ (x0 ◦ z) = χH0 , since H0 ◦ x = χH0 . Moreover, for all t ∈ H0
we have
(x0 ◦ (y ◦ z))(t) =

a∈H0
((x0 ◦ a)(t) ∧ (y ◦ z)(a)) = χH0(t).
Hence, x0◦(y◦z) = (x0◦y)◦z = (y◦x0)◦z = (y◦z)◦x0 = χH0 . Fromherewe obtain that (H0, ◦) is a fuzzy semihypergroup
and so, it is a fuzzy hypergroup.
If µ and ν are two nonzero fuzzy subsets of a fuzzy hypergroup (H, ◦), then we define (µ ◦ ν)(t) =p,q∈H(µ(p) ∧ (p ◦
q)(t) ∧ ν(q)), for all t ∈ H .
If (H, ·) is a fuzzy hypergroup and A is a nonempty subset of H , then we say that A is a fuzzy subhypergroup of (H, ·) if for
all a1, a2 ∈ A, the following conditions hold:
• if a1, a2 ∈ A and (a1 · a2)(x) > 0, then x ∈ A;• for all a ∈ A, a · A = A · a = χA.
3. Approximations of a subset, with respect to the operators Kn and K
Let us recall what a rough set is.
Let H be a nonempty set, A ⊆ H and R be an equivalence relation on H . By x¯ we denote the equivalence class of x ∈ H .
The pair (R(A), R(A)) is called the rough set of A, with respect to R, where
R(A) = {x ∈ H | x¯ ⊆ A} and R(A) = {x ∈ H | x¯ ∩ A ≠ ∅}.
R(A) is called the lower approximation of A, while R(A) is called the upper approximation of A.
Approximations in hypergroups have been analysed in [17], where the lower and upper approximations are made
with respect to an invertible subhypergroup. In [24,11], approximations for certain classes of hyperstructures, called Hv-
structures, are analysed.
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Now,we consider the lower and upper approximation of a subsetwith respect to the operators Kn, presented in the above
paragraph. Set
Aprn(A) = {x ∈ H | Kn(x) ⊆ A} and Aprn(A) = {x ∈ H | Kn(x) ∩ A ≠ ∅}.
Definition 3.1. The pair (Aprn(A), Aprn(A)) is called the rough set of A, with respect to the operator Kn.
Aprn(A) is called the lower approximation of A, with respect to Kn, while Aprn(A) is called the upper approximation of A,
with respect to Kn.
Some basic and natural properties of the lower and upper approximationswith respect to the operator Kn, arementioned
in the next theorem and they can be checked easily.
Theorem 3.2. The following properties hold for all subsets A, B of H:
(1) Aprn(A) ⊆ A ⊆ Aprn(A);
(2) Aprn(∅) = ∅ = Aprn(∅);
(3) Aprn(H) = H = Aprn(H);
(4) if A ⊆ B, then Aprn(A) ⊆ Aprn(B) and Aprn(A) ⊆ Aprn(B);
(5) Aprn+1(A) ⊆ Aprn(A) and Aprn(A) ⊆ Aprn+1(A);
(6) Aprn(A) = (Aprn(Ac))c , where Ac = H − A, for any A ⊆ H;
(7) Aprn(A) = (Aprn(Ac))c;
(8) Aprn(A ∩ B) = Aprn(A) ∩ Aprn(B);
(9) Aprn(A ∩ B) ⊆ Aprn(A) ∩ Aprn(B);
(10) Aprn(A ∪ B) ⊇ Aprn(A) ∪ Aprn(B);
(11) Aprn(A ∪ B) = Aprn(A) ∪ Aprn(B).
Now, we give some other properties of the lower and upper approximations, with respect to the operator Kn.
Theorem 3.3. The following conditions are equivalent:
(i) Aprn(A) = A;
(ii) Aprn(A) = A;
(iii) Kn(A) ⊆ A.
Proof. (i)⇔(iii) We use that Kn(A) =a∈A Kn(a) and Theorem 3.2(1).
(ii)⇔(iii) By Theorem 2.2, Kn(u) ∩ A ≠ ∅ if and only if ∃v ∈ A : u ∈ Kn(v), which means that u ∈ Kn(A). Hence
Aprn(A) = Kn(A) and we use Theorem 3.2(1). 
According to Theorem 2.2, we obtain that
Corollary 3.4. If A is a complete part of a hypergroup (H, ·), then Aprn(A) = Aprn(A) = A.
The next theorem presents a characterization of all semihypergroups for which the relation β is transitive.
Theorem 3.5. If H is a semihypergroup, then the relation β is transitive if and only if for all natural number n, n ≥ 2 and all
x ∈ H, Aprn+1(x) ⊆ Aprn(x).
Proof. Denote by P the set of all hyperproducts
∏n
i=1 xi of elements of H . As in the proof of Theorem 3.3, Aprn(x) = Kn(x)
and we obtain that
Apr2(x) = {t ∈ H : {t, x} ⊆ P, P ∈ P } = {t ∈ H : tβx}.
Apr3(x) = {t ∈ H : t ∈ P, P ∩ K2(x) ≠ ∅, P ∈ P }
= {t ∈ H : ∃a ∈ H, t ∈ K2(a), a ∈ K2(x)}
= {t ∈ H : ∃a ∈ H, t ∈ Apr2(a), a ∈ Apr2(x)}
= {t ∈ H : ∃a ∈ H, tβa, aβx}.
Clearly, for all x ∈ H , Apr3(x) ⊆ Apr2(x) if and only if the relation β is transitive. If β is transitive, then we check that
Aprn+1(x) ⊆ Aprn(x) by induction. In fact, if we suppose that Aprk(x) ⊆ Aprk−1(x), then we obtain that
Aprk+1(x) = {t ∈ H : t ∈ P, P ∩ Aprk(x) ≠ ∅, P ∈ P }
= {t ∈ H : t ∈ P, P ∩ Aprk−1(x) ≠ ∅, P ∈ P } = Aprk(x).
Therefore if the relation β is transitive, then for all natural number n, n ≥ 2 and all x ∈ H , Aprn+1(x) ⊆ Aprn(x). 
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In what follows, we consider the lower and upper approximations of a subset, with respect to the completeness operator
K . Let (H, ·) be a hypergroup and A be a nonempty subset of H . Set
Apr(A) = {x ∈ H | K(x) ⊆ A} and Apr(A) = {x ∈ H | K(x) ∩ A ≠ ∅},
where K(x) denotes the complete closure of x. The subset Apr(A) is called the lower approximation of A with respect to
the completeness operator K , while the subset Apr(A) is called the upper approximation of A with respect to K . The pair
(Apr(A), Apr(A)) is called the rough set of Awith respect to K .
According to Theorem 2.2, if x ∈ K(y) then K(x) = K(y). Moreover, by Theorems 2.1 and 2.2 it follows that K(x) =
C(x) = xωH = ωHx.
The subsets Apr(A) and Apr(A) have similar properties as Aprn(A) and Aprn(A); see Theorem 3.2.
In [17], approximations with respect to an invertible subhypergroup S are defined as follows:
AprS(A) = {x ∈ H | xS ⊆ A} and AprS(A) = {x ∈ H | xS ∩ A ≠ ∅}.
Hence AprωH (A) = Apr(A) and AprωH (A) = Apr(A).
Using the properties of AprS(A) and AprS(A), given in [17], we obtain the following properties of Apr(A) and Apr(A).
Theorem 3.6. The following properties hold:
(1) Apr(Apr(A)) = Apr(A) and Apr(Apr(A)) = Apr(A);
(2) Apr(Apr(A)) = Apr(A) and Apr(Apr(A)) = Apr(A);
(3) Apr(K(x)) = Apr(K(x)), for all x ∈ H.
Theorem 3.7. If A is a complete part of H, then Apr(A) = Apr(A) = A.
Theorem 3.8. Let A, B be nonempty subsets of a hypergroup (H, ·). Then
• Apr(A)Apr(B) = Apr(AB);
• ϕH(Apr(A)) = ϕH(A);
• Apr(A)Apr(B) ⊆ Apr(AB).
The inclusion Apr(AB) ⊆ Apr(A)Apr(B) does not hold, as we can notice from Example 3.1 of [17].
Again from [17], we obtain the following results.
Theorem 3.9. If A is a closed subhypergroup of H, then Apr(A) ≠ ∅ if and only if ωH ⊆ A. In this case, we have Apr(A) = A.
Theorem 3.10. Let A be a subhypergroup of H. Then Apr(A) is a subhypergroup of H, too.
Theorem 3.11. Let A be a closed subhypergroup of a hypergroup (H, ·).
(i) If ωH ⊆ A, then Apr(A) = A;
(ii) If A ⊆ ωH , then Apr(A) = ωH;
(iii) If ωH ⊄ A and A ⊄ ωH , then ωH ∪ A ⊂ Apr(A).
4. Approximations in fuzzy hypergroups
In this section, we introduce and analyse the lower and upper approximation of a subset of a fuzzy hypergroup, with
respect to an invertible fuzzy subhypergroup. In particular, we study the lower and upper approximation of a certain type
of fuzzy subhypergroup, more exactly closed fuzzy subhypergroup.
We introduce first several types of fuzzy subhypergroups.
Definition 4.1. We say that a fuzzy subhypergroup (A, ·) of (H, ·) is called
• right invertible if the next condition holds (y · a)(x) > 0 ⇒ ∃a′ ∈ A : (x · a′)(y) > 0. Similarly, we define the left
invertibility;
• closed if for all a1, a2, a ∈ A, (a1 · x)(a) > 0⇒ x ∈ A and (x · a2)(a) > 0⇒ x ∈ A;
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• normal if for all u, x ∈ H the following equivalence holds:
∃a ∈ A, (x · a)(u) > 0⇔ ∃a′ ∈ A, (a′ · x)(u) > 0.
Example 5. Let (H, ·) be a fuzzy hypergroup and extend it to the fuzzy hypergroup (H0, ◦) as in Example 4. It follows that
(H, ◦) is an invertible fuzzy subhypergroup of (H0, ◦).
Indeed, suppose (x ◦ u)(y) > 0, where x, y ∈ H0, u ∈ H.
If y = x0, then y ◦ u = x0 ◦ u = χH0 , so (y ◦ u)(x) > 0.
If x = x0, then (y ◦ u)(x0) = 1.
Let x, y ∈ H . Since y ◦ H = y · H = χH , we obtain (y ◦ H)(x) = 1, whence there is u′ ∈ H such that (y ◦ u′)(x) > 0.
We associate a hypergroup structure (H, ◦)with any fuzzy hypergroup (H, ·), where the hyperoperation ◦ is defined as
follows (see [16]):
∀a, b ∈ H, a ◦ b = {x ∈ H | (a · b)(x) > 0}. (2)
If x, a1, a2, a3 ∈ H , such that ((a1 · a2) · a3)(x) > 0 then by (1) there exists t ∈ H , such that (t · a3)(x) ∧ (a1 · a2)(t) > 0
whence t ∈ a1 ◦ a2 and x ∈ t ◦ a3. Therefore, x ∈ (a1 ◦ a2) ◦ a3.
By induction, we obtain that for all x, a1, a2, . . . , an ∈ H ,
(a1 · a2 · · · an)(x) > 0⇔ x ∈ a1 ◦ a2 ◦ · · · ◦ an. (3)
Theorem 4.2. If (A, ·) is an invertible (closed, normal) fuzzy subhypergroup of a fuzzy hypergroup (H, ·), then (A, ◦) is an
invertible (closed, normal respectively) subhypergroup of (H, ◦).
Proof. First we check that (A, ◦) is a subhypergroup of (H, ◦). Let a1, a2 ∈ A. We check that a1 ◦ a2 ⊆ A. If x ∈ a1 ◦ a2,
then (a1 · a2)(x) > 0 and since A is a fuzzy subhypergroup, it follows that x ∈ A. On the other hand, for all a1, a2 ∈ A we
have (a1 · A)(a2) = 1, so there is a ∈ A, such that (a1 · a)(a2) > 0, which means that a1 ◦ A = A. Similarly, we obtain that
A ◦ a1 = A. Hence, (A, ◦) is a subhypergroup of (H, ◦).
Now, suppose that (A, ·) is invertible and x ∈ y ◦ A. Hence, there is a ∈ A such that (y · a)(x) > 0. It follows that
∃a′ ∈ A : (x · a′)(y) > 0, whence y ∈ x ◦ A. Finally, if (A, ·) is closed and a1 ∈ x ◦ a2, then (x · a2)(a1) > 0, whence x ∈ A.
Hence, (A, ◦) is left closed and similarly we can check that it is right closed in (H, ◦).
The statement concerning the normality of A is immediate. 
Theorem 4.3. If (A, ·) is an invertible fuzzy subhypergroup of a fuzzy hypergroup (H, ·), then (A, ·) is closed.
Proof. Let (a1 · x)(a2) > 0 where a1, a2 ∈ A. Then a2 ∈ a1 ◦ x ⊆ A ◦ x. By the above theorem, (A, ◦) is an invertible
subhypergroup of (H, ◦), hence x ∈ A ◦ a2 ⊆ A. Therefore x ∈ A and similarly, from (x · a2)(a1) > 0 it follows that x ∈ A.
Therefore, (A, ·) is a closed fuzzy subhypergroup of (H, ·). 
Let (H, ·) be a fuzzy hypergroup, A ⊆ H and let S be an invertible fuzzy subhypergroup. Set
Apr
S
(A) = {x ∈ H | ∀s ∈ S, (x · s)(a) > 0⇒ a ∈ A} and
AprS(A) = {x ∈ H | ∃s ∈ S, ∃a ∈ A : (x · s)(a) > 0}.
Definition 4.4. Apr
S
(A) is called the lower approximation of A with respect to S, while AprS(A) is called the upper
approximation of Awith respect to S. The pair (Apr
S
(A), AprS(A)) is called the rough set of Awith respect to S.
We consider the following relation RS on H:
xRSy ⇔ ∃s ∈ S : (y · s)(x) > 0.
Theorem 4.5. RS is an equivalence relation on H.
Proof. RS is symmetrical, since S is an invertible fuzzy subhypergroup. Now,we check that RS is transitive. Let xRSy and yRSz.
There are s1, s2 ∈ S, such that (y · s1)(x) > 0, (z · s2)(y) > 0, whence, according to (2), we obtain x ∈ z ◦ (s2 ◦ s1) ⊆ z ◦ S.
Hence there exists s ∈ S such that (z · s)(x) > 0, that is xRSz. Finally, RS is reflexive. Indeed, since for all x ∈ H, x · H = χH
it follows that for all s ∈ S, y ∈ H we have (x · s)(y) > 0. Hence yRSx and by symmetry xRSy, whence xRSx.
Therefore, RS is an equivalence relation on H. 
Remark 4.6. RS(A) = AprS(A) and RS(A) = AprS(A).
We obtain the following.
Properties 4.7. (1) Apr
S
(A) ⊆ A ⊆ AprS(A);
(2) Apr
S
(∅) = ∅ = AprS(∅);
(3) Apr
S
(H) = H = AprS(H);
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(4) if A ⊆ B, then Apr
S
(A) ⊆ Apr
S
(B) and AprS(A) ⊆ AprS(B);
(5) Apr
S
(Apr
S
(A)) = Apr
S
(A);
(6) AprS(AprS(A)) = AprS(A);
(7) AprS(AprS(A)) = AprS(A);
(8) Apr
S
(AprS(A)) = AprS(A);
(9) Apr
S
(A) = H − (AprS(H − A));
(10) AprS(A) = H − (AprS(H − A));
(11) Apr
S
(A ∩ B) = Apr
S
(A) ∩ Apr
S
(B);
(12) AprS(A ∩ B) ⊆ AprS(A) ∩ AprS(B);
(13) Apr
S
(A ∪ B) ⊇ Apr
S
(A) ∪ Apr
S
(B);
(14) AprS(A ∪ B) = AprS(A) ∪ AprS(B);
(15) If S1 and S2 are invertible fuzzy subhypergroups of H and S1 ⊆ S2, then AprS2(A) ⊆ AprS1(A) and AprS1(A) ⊆ AprS2(A).
(16) If A ⊆ H, A ≠ ∅, then AprH(A) = H. If A ⊆ H, A ≠ H, then AprH(A) = ∅.
Proof. We shall check (16). Since for all x ∈ H, x · H = χH , it follows that for all y ∈ H, (x · H)(y) = 1,whence there exists
s ∈ H such that (x · s)(y) > 0. Hence the equivalence class of xwith respect to RH is just H. 
If A1, A2, . . . , An are nonempty subsets of a fuzzy hypergroup of (H, ·, ) then we define the next fuzzy subset on H:
(A1 · A2 · · · An)(x) =

a1∈A1,a2∈A2,...,an∈An
(a1 · a2 · · · an)(x).
If µ is a fuzzy subset on H , then set supp(µ) = {x ∈ H : µ(x) > 0}.
We obtain the following result.
Theorem 4.8. If (S, ·) is an invertible and normal fuzzy subhypergroup of (H, ·) and A, B are nonempty subsets of H, then the
following assertions hold:
(i) supp(Apr
S
(A1) · AprS(A2) · · · AprS(An)) ⊆ AprS(A1 ◦ A2 ◦ · · · ◦ An);
(ii) supp(AprS(A1) · AprS(A2) · · · AprS(An)) = AprS(A1 ◦ A2 ◦ · · · ◦ An),
where ◦ is defined by (2).
Proof. (i) For all u ∈ H, (Apr
S
(A1) · AprS(A2) · · · AprS(An))(u) > 0 if and only if (x1 · x2 · · · xn)(u) > 0 for some
xi ∈ AprS(Ai), i ∈ {1, 2, . . . , n}. By (3), u ∈ x1 ◦ x2 ◦ · · · ◦ xn and for all s ∈ S and i ∈ {1, 2, . . . , n}, from (xi · s)(ai) > 0 it
follows that ai ∈ Ai. Thismeans that xi◦S ⊆ Ai. Since S is normal, we obtain u◦S ⊆ x1◦x2◦· · ·◦xn◦S ⊆ A1◦A2◦· · ·◦An.
Then for all s ∈ S the following implication holds: (u · s)(t) > 0 ⇒ t ∈ A1 ◦ A2 ◦ · · · ◦ An, which means that
u ∈ Apr
S
(A1 ◦ A2 ◦ · · · ◦ An).
(ii) Let u ∈ H be such that (AprS(A1) · AprS(A2) · · · AprS(An))(u) > 0. Hence (x1 · x2 · · · xn)(u) > 0 for some xi ∈ AprS(Ai),
where i ∈ {1, 2, . . . , n}. There are si ∈ S, ai ∈ Ai such that (xi · si)(ai) > 0 and u ∈ x1 ◦ x2 ◦ · · · ◦ xn. Since S is invertible
and ai ∈ xi ◦ S, it follows that ai ◦ S = xi ◦ S. Then u ∈ x1 ◦ x2 ◦ · · · ◦ xn ◦ S = a1 ◦ a2 ◦ · · · ◦ an ◦ S, whence there exists
t ∈ a1 ◦ a2 ◦ · · · ◦ an such that u ∈ t ◦ S, whence t ∈ u ◦ S. In other words, u ∈ AprS(A1 ◦ A2 ◦ · · · ◦ An).
Conversely, if u ∈ AprS(A1 ◦ A2 ◦ · · · ◦ An), then there exist s ∈ S and t ∈ a1 ◦ a2 ◦ · · · ◦ an, such that (u · s)(t) > 0,
where ai ∈ Ai, for all i ∈ {1, 2, . . . , n}. From u ∈ t ◦ S ⊆ a1 ◦ a2 ◦ · · · ◦ an ◦ S it follows that for all i ∈ {1, 2, . . . , n} there
exists bi ∈ ai ◦ S such that u ∈ b1 ◦ b2 ◦ · · · ◦ bn. Since bi ∈ AprS(Ai) we obtain that (AprS(A1) · AprS(A2) · · · AprS(An))(u)
> 0. 
In what follows, we analyse the lower and upper approximations of a closed fuzzy subhypergroup.
Theorem 4.9. Let S be an invertible fuzzy subhypergroup and S ′ be a closed fuzzy subhypergroup of (H, ·). The following
assertions hold:
(i) if S ⊆ S ′, then Apr
S
(S ′) = S ′;
(ii) if S ⊈ S ′, then Apr
S
(S ′) = ∅.
Proof. (i) Let x ∈ S ′. For all s ∈ S if (x · s)(a) > 0, then (a · s′)(x) > 0 for some s′ ∈ S ′. By Theorem 4.3, any invertible fuzzy
subhypergroup is closed, whence it follows that a ∈ S ′. Hence x ∈ Apr
S
(S ′), whence Apr
S
(S ′) = S ′.
(ii) We analyse the following situations:
(1) S ′ ⊆ S and S ′ ≠ S;
(2) S ⊈ S ′ and S ′ ⊈ S.
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(1) Suppose that there exists x ∈ Apr
S
(S ′). Then for all s ∈ S, from (x · s)(u) > 0 it follows that u ∈ S ′. Since S ′ is closed,
we obtain s ∈ S ′. Hence S ⊆ S ′ and since S ′ ⊆ S we obtain S = S ′, which is false.
(2) Suppose there exists x ∈ Apr
S
(S ′) ⊆ S ′.
If x ∈ S, then x · S = χS , hence for all u ∈ S − S ′, there exists s ∈ S, such that (x · s)(u) = 1. Since u ∈ S − S ′ it follows
that x ∉ Apr
S
(S ′), which is a contradiction.
Now, we suppose that x ∈ S ′ − S. From x ∈ Apr
S
(S ′) it follows that for all s ∈ S from (x · s)(u) > 0 we obtain u ∈ S ′.
Set s ∈ S − S ′. From x, u ∈ S ′, (x · s)(u) > 0 and S ′ closed, it follows that s ∈ S ′, which is a contradiction. Hence Apr
S
(S ′)
= ∅. 
Theorem 4.10. Let S be an invertible fuzzy subhypergroup and S ′ be a closed fuzzy subhypergroup of (H, ·). The following
assertions hold:
(i) if S ′ ⊆ S, then AprS(S ′) = S;
(ii) if S ⊆ S ′, then AprS(S ′) = S ′;
(iii) if S ⊈ S ′ and S ′ ⊈ S, then S ∪ S ′ ⊆ AprS(S ′).
Proof. (i) If x ∈ AprS(S ′), then (x · s)(s′) > 0 for some s ∈ S, s′ ∈ S ′. Since S is closed, it follows that x ∈ S. Conversely, if
x ∈ S, then x · S = χS . Hence for all u ∈ S ′, there is t ∈ S such that (x · t)(u) > 0, which means that x ∈ AprS(S ′).
(ii) Let x ∈ AprS(S ′). Then (x · s)(s′) > 0, for some s ∈ S, s′ ∈ S ′, whence we obtain x ∈ S ′, since S ′ is closed.
(iii) We check that S ⊆ AprS(S ′). First of all, notice that S ∩ S ′ ≠ ∅. Indeed, since the relation RS is reflexive, for all x ∈ H
there is e ∈ S such that (x · e)(x) > 0. Set x ∈ S ′. It follows that e ∈ S ′, since S ′ is closed. Therefore e ∈ S ∩ S ′. On the
other hand, for all s ∈ S, s · S = χS , whence there is s¯ ∈ S such that (s · s¯)(e) > 0. This means that s ∈ AprS(S ′). Hence
S ⊆ AprS(S ′) and according to Properties 4.7(1), we obtain S ∪ S ′ ⊆ AprS(S ′). 
5. Conclusion
The study of properties of rough sets in the context of hypergroups is an interesting research topic of rough set theory.
The existing research of rough set on hyperstructures are mainly concerned with Hv-structures [24,11]. For this study,
the fundamental equivalence relations on Hv-structures are used. In this paper, we continue the research of rough sets
on hypergroups, begun in [17]. Moreover, we introduce and study the lower and upper approximations of a subset of a
fuzzy hypergroup.
We can consider and study other types of approximations in fuzzy hypergroups, as follows: for any fixed division
0 = x0 < x1 < x2 < · · · < xn−1 < xn = 1 of the closed interval [0, 1], any x ∈ H and any fuzzy subset µ defined
on H , set µ(x) = xk and µ(x) = xk+1 if xk ≤ µ(x) ≤ xk+1. Then µ is a lower approximation of µ, while µ is an upper
approximation of µ. We obtain two fuzzy hypergroupoids on H , which represent the lower and upper approximations of a
fuzzy hypergroup. Their properties depend on the chosen division of the interval [0, 1].
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